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 Abstract  
 
The dynamic analysis of a truss railroad bridge under a moving train is very complicated. The 
simplified model where an entire bridge is represented by a single beam of equivalent stiffness 
could be suitable to analyze a girder bridge, but is not adequate to analyze accurately truss bridges, 
which inherently consist of numerous structural components. Moreover, due to the repetitive 
nature of train loading on a railroad bridge, there is an excitation frequency as a function of speed 
associated with each moving train. If this loading (excitation) frequency coincides with the natural 
frequency of the bridge, the bridge response builds up continuously with time giving rise to the 
resonance phenomenon. It is important to avoid the condition of resonance in a bridge for the 
comfort of passengers and the safety and longevity of the bridge.  
The objective of this thesis research was to determine the static and dynamic responses of the 
Devon truss railroad bridge over Housatonic River in Milford, CT under moving trains. For this 
purpose, a three-dimensional finite element (FE) model the truss railroad bridge was constructed. 
The static analysis of the bridge was performed under its self-weight and the static train loads. The 
dynamic analysis consisted of (a) the modal analysis to determine the mode shapes and natural 
frequencies, and (b) the time history analysis to obtain the dynamic response of the bridge under 
moving trains. Mode shapes, natural frequencies, and dynamic displacements of the bridge under 
moving trains obtained from the field test data were compared with those from the FE model. 
Finally, the verified FE model was used to determine the safe train speeds to avoid resonance 
vibration of the bridge. The result from this study should help to address the rising concerns about 
the adequacy of old steel truss bridges for carrying trains with higher speeds than the allowable 
speed at present. 
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 Introduction 
 Background 
 
A very large percentage of the rail road accidents that occurred in the past were due to bridge 
failure (Unsworth 2010). During the 1870s approximately 40 railroad bridges a year were 
collapsing in United States. Between 1876 and 1886, almost 200 bridges collapsed (Unsworth 
2010). Most of the railroad truss bridges in United States are approaching or exceeding one 
hundred years old (Amtrak 2012) . These old bridges still carry large amount of daily commuting 
passenger trains. And many of these bridges are planned to carry trains at higher speeds than 
allowable speed as for now.  
The dynamic behavior of railway bridges under moving train is incorporated in the design by 
AREMA(2015) as percentage increase in statically applied Cooper E-loading to include the 
vertical effect given by formulas (1a) and (1b) and additional 20% of static axle load for rocking 
effect. 
For L less than 80 feet:                                                        40 – (3L2 / 1600)                      (1.1a) 
 For L80 feet or more:                                                          16 + (600 / L-30)                      (1.1b) 
where: L = length, in feet, c-c of supports for stringers, transverse floor beams without stringers,  
longitudinal girders and trusses (main members), or L = length, in feet, of the longer adjacent 
supported stringers, longitudinal beam, girder or truss for impact in floor beams, floor beam  
hangers, sub diagonals of trusses, transverse girders, supports for longitudinal and transverse 
girders and viaduct columns. However, this method of design doesn’t takes into account the effect 
of speed of the train and the resonance phenomenon due to the periodic nature of loading in the 
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dynamic response of the bridge. The riding safety, comfort of the passengers and the longevity of 
the structures can be assured approximately if the critical speed corresponding to the resonant 
condition could be circumvented. 
Like most of the structures, railway bridges are also designed to perform properly under a 
definite loading scenario and environmental conditions.  But the actual scenario to which a bridge 
is exposed is quite different than it is designed for. It is because there are lot of uncertainties in 
load coming over the structure and there is always a possibility for collapse of the structure under 
dynamic load. Bridge response varies considerably if we consider the effect of different trains. 
And with the same train too, the response varies to great extent with the change in speed. Hence it 
is very essential to measure the response of existing bridges under the present loading conditions 
and predict the response of bridge for different conditions of loading.  
 One way to identify the bridge response under train load is to use smart sensor technology. 
Sensors such as linear variable displacement sensor, accelerometers, and strain sages are installed 
at several locations and the responses are recorded under moving trains. However, this method has 
disadvantage of being tedious of obtaining the response of the bridge for all speeds. Obtaining 
bridge response under trains at slower speeds will disturb the normal train schedule. And to obtain 
the response of the bridge under trains at speeds higher than allowable speeds is almost impossible 
due to various safety issues.  
Another method of obtaining bridge response, under moving train, is from the finite 
element analysis. The finite element model of the bridge structure is constructed as per the design 
drawings in finite element code. The response results from the finite element model (FEM) are 
compared with the field experiment response data. The finite element model is calibrated until the 
3 
response from the finite element analysis and experimental field tests are equivalent. The 
calibrated finite element model is used for further analysis to obtain the bridge response. 
 Motivation 
Out of various possible constructions, steel truss has been used extensively in the 
construction of the railway bridges. It is because of various advantages of steel construction some 
of them are: (a) large capacity to weight ratio (b) ease of fabrication (c) controlled factory 
production and (d) fast installation. The railroad bridge used for this research is a through truss 
Devon Railway Bridge over the Housatonic River, between Stratford and Milford, Connecticut. 
There are altogether 64 spans of major open deck truss railroad bridges similar to Devon Bridge 
on the Northeast Corridor which are intended to carry high speed trains in the future (NECWG 
2010)). Hence the research conducted on this bridge is intended to be helpful in identifying the 
behavior of similar bridges under the present and future loading scenarios. 
 Objectives of the thesis research 
The primary objectives of this thesis research are: 
a.)  Develop a finite element model (FEM) of railroad bridge representative of the actual 
bridge to perform various analysis and obtain the response of the structure under trains 
of varying axle loads, axle spacing and train speeds. 
b.) Obtain bridge response data from experimental field testing under moving trains for 
comparison with the response obtained from the FEM and update the FEM. 
c.) Obtain response of the bridge under various train speeds using the updated FEM. 
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  Overview of the thesis 
This thesis is organized in nine chapters. Chapter 1 of this thesis describes the background 
and motivation for performing this study. In chapter 2, literature review on dynamic analysis of 
bridges under moving load and sensors used for obtaining the experimental field data has been 
described. Chapter 3 describes the available theory for obtaining analytically the response of 
bridge under moving load and the condition of resonance in bridge under series of moving loads. 
Furthermore, the theory explaining power spectral density, singular value decomposition and 
structural damping used for processing the experimental field data used for this study is also 
presented in chapter 3. Chapter 4 presents the description of studied railroad bridge and the 
passenger trains that move across the bridge. The finite element model of Devon truss Railroad 
Bridge along with the result from various finite analysis is presented in chapter 5. Chapter 6 
describes the experimental field testing and describes the processing of experimental field data for 
obtaining the dynamic response of the bridge. Chapter 7 presents the comparison of bridge 
response obtained from finite element model and experimental field data under moving trains. 
Chapter 8 presents the study of resonance phenomenon of the Devon Bridge under different types 
of passenger trains. Conclusions and recommendations from this thesis research is presented in 
chapter 9. Finally the last two segment of this thesis presents the Appendix and References used 
for this thesis study. 
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 Literature review 
This chapter is divided into two parts; the first part contains the literature review on 
dynamic analysis of bridge under moving load and the second part contains the literature review 
on sensors used for field data acquisition. 
 Dynamic analysis of bridge under moving load 
There has been various studies by several researchers in the field of moving load problem. 
A summary of research articles on dynamic analysis of bridges under moving load which were 
reviewed extensively for this research is presented below. 
The response of the midpoint of a simply supported bridge under the effect of the moving 
load, pulsating force, moving mass and moving sprung mass at constant speed was presented by 
Biggs (1974). The major limitations of his theory were: (a) Single beam was used to represent 
bridge structure consisting of various floors systems and several girders or stringers;(b) 
Consideration of only fundamental mode of the bridge beam;(c) The entire weight of the vehicles 
is applied at the center of the vehicle mass than at the actual wheels; and (d) Consideration of one-
degree of freedom system for representing vehicle with two or more axles. 
The analysis of the truss bridge using various models and calculation of the impact factor 
for member forces subjected to fatigue was conducted by Wiriyachai et al. (1982). 
Uppal et al. (1990) determined the dynamic response of railroad Timber Bridge using 
experimental field testing. The researchers studied the behavior of timber bridges of various spans 
under the passage of different speed trains. From their studies, the researchers found out following 
results (a) there is significant effect on loads at wheel-rail interfaces and response of the bridge 
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due to track and wheel running surface irregularities; (b) there is linear relation between the load 
and deflection of bridge unlike the nonlinear behavior of approaches and track sections; (c) for 
open deck bridge, dynamic load factor was found to increase with increase of train speed but 
decrease with increase in static wheel loads; (d) the displacement of stringer was significantly 
higher than the calculated displacement under static loading conditions. 
Of the various dynamic parameters affecting the response of the structure, speed of the 
vehicles and track irregularities were identified as important parameters by the Fryba (1996). The 
researcher presented a summary of dynamic effects of railroad bridges supplemented with plentiful 
experimental data. 
The effect of passage of high speed train in simply supported beam was analyzed by Yang 
et al. (1997). The researcher modelled the train as moving load with two systems; first system 
comprising the first wheel assemblies and the second wheel assemblies were part of the second 
subsystem. The researcher also determined the maximum static and dynamic response of the beam 
and obtained the impact factor. The condition of resonance and cancellation speed of the train 
based on the natural frequency of the structure and the axle spacing of the train was also determined 
in their study. 
Fryba (2001) constructed a theoretical model of bridge and utilized the integral 
transformation method to provide an estimation of the amplitude of the free vibration. The 
condition of critical speeds as a result of the repeated action of the load was identified by the 
researcher. Finally, the response of the bridge obtained was compared with the experiments to 
validate the theory in his study. 
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Calcada et al. (2002) studied the effect of the new light metro rail on the double deck steel 
arch Luiz I Bridge over the Douro River through dynamic analysis. The model of the bridge was 
updated through ambient vibration test. The researchers found out dynamic amplification factor 
for the bridge to be very low and the comfort of passengers was acceptable when the metro rail 
was on the bridge. 
Goicolea et al (2004) analyzed the phenomenon of dynamic resonance response on the 
design of railway bridges. For the dynamic analysis, the researcher utilized the method of impact 
factor, digital train signature and the interaction between the vehicle and bridge using the high 
speed load model (HSLM). The researchers also highlighted the interpolation of result and 
determined the impact factor for Pergola Bridge at various speeds. 
Truss bridges displace more due to high flexibility. In addition to this, the condition of 
resonance caused when the forcing frequency due to train load matches with one of the natural 
frequency of the bridge will give higher displacements.  Yau and Yang (2004) studied the use of 
wideband multiple tuned mass dampers for reduction of vibration in a truss bridges and prevent 
excessive displacement under the moving trains. 
Xia et al. (2006) studied the resonance condition for simply supported beam through 
theoretical derivations, numerical simulations and experimental data analysis. The researchers 
classified resonance into different categories and presented resonance condition for each of those 
categories. The researchers concluded the major factor determining the bridge resonance is when 
the natural frequency of the bridge matches the loading frequency of the series of moving loads.  
Santos (2011) studied the long term bridge performance of a steel truss bridge by dynamic 
testing. The researcher used the electromagnetic shakers to produce the excitation and obtained 
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the natural frequency, mode shapes and damping ratios of the bridge. Furthermore, the researcher 
used the modal assurance criterion to back up the findings. 
Most of the experimental testing conducted to obtain the modal parameters of the bridge is 
focused on the use of sensor on the bridge and measure the response under the passenger of 
vehicles. However, Siringoringo and Fujino (2012) estimated the bridge natural frequency using 
the acceleration response of an instrumented vehicle using the analytical formulation and finite 
element analysis. The researchers also validated their method on a simply –supported short span 
bridge using a light commercial instrumented vehicle using the accelerometer. The researchers 
found out that the first natural frequency of the bridge can be estimated with a reasonable accuracy 
if the instrumented vehicle moves a constant velocity. The researchers also suggested the 
applicability of their method for measuring the natural frequency of short and medium span bridge 
where the permanent installation of the sensors for bridge monitoring is expensive. 
 The effect of train speed in truss bridge was studied by Zhijie (2012). The researcher 
analyzed the truss bridge using the moving load method and determined the maximum vertical 
acceleration under different freight trains moving at different speeds. The dynamic analysis was 
done using the triangular loading function with the ramp time as a function of the nodal spacing in 
the structure and the speed of the train. The results from the finite element model were verified 
with the field experiments results. The researcher also found out the mid span deflection of the 
girder of the bridge is insensitive to the speed of freight train. 
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 Sensors used in field data acquisition 
Real time field data acquisition system is an important tool for obtaining response of a 
structure under actual dynamic loading condition. The data acquired through data acquisition 
system can be processed to obtain the dynamic behavior of structure. Depending on nature of 
response to be measured, researchers have used various different types of sensors for the process 
of field data acquisition. 
Lloyd et al. (2000) observed the variations of modal frequencies of a Pre-stressed concrete 
bridge under temperature changes using field measurements using accelerometers over seven 
month period and finite element model.  
Nakamura (2000) utilized global positioning system (GPS) for measuring displacement of 
suspension bridge due to wind and concluded that displacement measured using GPS is reliable 
only if magnitude of displacement is high.  
Whabeh et al. (2003) emphasized the use of high precision camera in conjunction with 
laser tracking references to obtain absolute displacement time history at selected locations of high 
span bridges. The researchers installed this system in Vincent Thomas Bridge and found out that 
this system to be realistic and economical for obtaining displacement data of bridge exposed to 
actual field conditions. 
Park et al. (2004) proposed to measure bridge displacement using accelerometer data 
collected from the bridge vibration. The researchers developed an algorithm which utilizes 
iteration process to determine bridge displacement when initial condition for acceleration and 
velocity of bridge vibrations are unknown. The researchers validated their algorithm using bridge 
displacement data obtained from linear variable displacement transducers attached to the bridge. 
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Leander et al. (2009) used strain gages for monitoring Soerstrom Bridge in central 
Stockholm to find out remaining fatigue life of stringers and cross beams. The researchers also 
explored differences between the theoretical strain values and the obtained field strain data in the 
predicting the damage of bridge members. 
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 Theory 
In this chapter the theories referred for performing the research for this thesis research are 
presented. The first section of this chapter describes the dynamic equation of motion for multi-
degree of system, its natural mode shape and frequency is presented. The second section of this 
chapter describes the theory put forward by Biggs (1974) for analyzing a beam subjected to various 
cases of moving load. Whereas, the third section of this chapter describes the study of resonance 
phenomenon in a bridge under moving load by Xia et al. (2006). Fourth section of this chapter 
describes the theories referred to obtain the natural frequencies and damping ratios from the 
acceleration signals collected from experimental field testing of the bridge structure.  
 Structural dynamics theory 
Dynamic equation of motion for a multi-degree of structure is given as: 
[M]{u}̈ + [C]{u̇} + [K]{u} = {F(t)}…………………………………(3.1) 
Where, [M]is the mass matrix; [C] is the damping matrix; [K] is the stiffness matrix of the 
structure; F is the external load vector; {u} is the displacement vector. 
A multi-degree system such as the bridge studied for this thesis research is represented in 
similar form as shown in equation 3.1 above. However, the size of the mass matrix, stiffness 
matrix, and the damping matrix corresponds to the degree of freedom for the bridge considered. 
The train load coming into the bridge structure corresponds to the external load vector F (t) as 
presented in equation 3.1. The load vector changes with the type and speed of train considered. 
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 Natural frequency and mode shapes of vibration 
Although an external forces acting on a structure is composed of various frequencies, the 
vibration of structure is not random but follows particular shape known as mode shape 
corresponding to natural frequency of vibration. A multi-degree system such as the bridge studied 
for this thesis has many modes and corresponding to each mode there is a particular frequency of 
vibration. 
The natural frequency and the mode shape of vibration of a structure can be obtained from 
free vibration response of the structure. The dynamic equation of motion without damping can be 
given as:  
[𝑀]{𝑢}̈ + [𝐾]{𝑢} = 0 ………… (3.2) 
In free vibration, the system will oscillate in a steady –state harmonic fashion such that 
{?̈?} = −𝑤2𝑛{𝑢}………………. (3.3) 
Substituting u in equation 3.3, we get, 
[𝐾 − 𝑤𝑛
2𝑀]Φ𝑛 = 0 ……….. (3.4) 
Equation (3.4) can be used to obtain the natural mode shapes (Фn) and natural frequencies 
(wn) of a structure. 
 Solution methods to obtain response of a structure 
In this thesis research for the finite element analysis of structure, mode superposition 
method of solving differential equation of motion presented in equation 3.1 has been used. Mode 
superposition method is a quick method of obtaining the response of a structure acted upon by 
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dynamic force. In this method, the equation of motion is transformed into a set of uncoupled 
equations. This method is based on principle that the dynamic response of a structure can be 
represented as a linear combination of the natural Eigen modes of the structure. 
𝑢(𝑡) = ∑ 𝜙𝑖𝑞𝑖(𝑡) = Φq(t)
𝑛
𝑖=1 ……………………… (3.5) 
Dynamic equation of motion for multi-degree of freedom system presented in equation 
(3.1) can be expressed into ‘n’ uncoupled equation corresponding to ‘n’ mode of vibration of the 
structure. 
?̈?𝑖 + 2𝜁𝑖𝑤𝑖?̇?𝑖 + 𝑤𝑖
2𝑞𝑖 = 𝑓𝑖(𝑡)…………………………. (3.6) 
Where, 𝜁𝑖= the modal damping ratio and fi (t) is the vector of element nodal force for the 
ith mode of vibration.  
These uncoupled equation 3.6 are solved by Wilson- ϴ method for each time step. 
 Beam subjected to single moving load  
The dynamics of a structure under a moving vehicle was studied using the analytical 
solution given by Biggs (1974). The response of the bridge under various load models of vehicle 
was obtained (in Chapter 5 of this thesis ) using the equation put forward by Biggs(1974) and 
compared with the results from the finite element analysis for validation of finite element model. 
For a structure with distributed mass, using the summation of modal components the 
response under moving load is given by: 
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
……… (3.7) 
Where, 
F   =   Moving load 
n
         =   modal shape function for nth mode  
CF              =   distance from end where load enters to the force  
  =    v*t (v= velocity, t= time) 
( )n x   =   s in
n v
l

  (for simply supported 
and prismatic beam)  
Hence equation (3.7) becomes 
                                                     
..
2 2
s inn
n n
F n v t
A w A
m l l

   ………… 
(3.8) 
 
Various cases of constant moving load travelling over the beam at constant speed were considered 
they are: 
a.  Moving force 
b. Rolling mass 
c. Sprung mass system 
 
The solution for each case is discussed in detailed as follows: 
a) Moving force 
      For moving force over the beam the equation of motion of beam is same as in equation (3.8). 
The modal solution for obtaining the response of the bridge for this case is given by, 
                                                    An = A nst (DLF) n……………………… (3.9) 
Figure 3.1 Constant force moving at constant 
velocity (Biggs, 1974) 
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  Where, 
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Where, 
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n v
l

   
Substituting the value of n  and n s tA  into the expression for (DLF) n and into equation 3.9 and 
combining modes given by following expression, 
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Total solution for deflection of beam considering no damping can be given as: 
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If viscous damping for each mode is considered, the solution for deflection of beam is given by 
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……………… (3.12) Where,              n  = damping ratio for nth mode of vibration 
 
b) Rolling mass 
The moving mass over the beam imparts inertial force due to acceleration of the mass, 
hence the force acting at time in the beam given by, 
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 Force (F) = 
. .
V v v
M g M y  
Where,  
. .
v
y  = acceleration of beam and acceleration of mass at the location of mass. 
 
      Substituting the expression of force into 
equation (3.9), 
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n n v
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Considering the mass acceleration for all the 
modes of beam vibration, 
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Substituting the value of 
. .
v
y into Equation (3.13) will yield, 
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Considering only first mode of beam vibration (which is quite realistic if we consider the mass 
participation in the vibration and major part of total displacement for modal superposition is given 
by the first mode) and substituting A1 (displacement of center of beam for first mode) = yc, the 
equation becomes, 
. .
2
1
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1 s in s in
v v
c c
M M gn v t v t
y w y
m l l m l l
  
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 
…………………….. (3.15) 
MATLAB (Math works 2014) code to solve Eqn. 3.15 is shown in Appendix I. 
Figure 3.2. Constant rolling mass moving 
at constant velocity (Biggs, 1974) 
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c) Sprung mass system 
 
This the most realistic case of bridge vibration under a vehicle because it includes the 
interaction between vehicle and bridge. The vehicle moving over the bridge is modelled as a sprung 
mass Mvs supported by spring of stiffness kv   and an unsprung mass Mvu, Mvs is mass of the vehicle 
and Mvu is the mass of the wheel which is in constant contact with the bridge during the bridge 
vibration. 
The force exerted on the beam (bridge) by the moving vehicle is given by,  
..
( ) ( ) [ ( ) ]
vu v v v vs
F o rc e F M g y k z y M g      
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Substituting the value of F into equation 
(3.8), 
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                                          …………………….. (3.16)  
Where, Wvt = Total weight of both masses. 
Equation (3.16) consists of ‘n’ number of equations corresponding to ‘n’ mode of beam vibration. 
Equation of motion for the sprung mass system is given by, 
Figure 3.3. Spring mass system moving at 
constant velocity (Biggs, 1974) 
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The solution for the coupled equations (3.16) and (3.17) can be obtained only using numerical 
methods.  Considering only the damped first mode with viscous-damping term and substituting 
An= yc both the coupled equation can be written as, 
2.. .
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Where, cv and cb are the damping coefficients for the bridge and spring mass system respectively. 
Matlab (Math works 2014) code to solve coupled Eqns. 3.15 and 3.19 is shown in Appendix II. 
 
 Resonance phenomenon in a beam subjected to series of moving train load   
 
The resonance phenomenon of the bridge-train system is mainly affected by natural 
frequency of bridge, vehicle load and its axle arrangement. Xia et al. (2006) studied the resonance 
phenomenon due to consecutive train loads moving across a simply supported beam. The 
resonance condition of the Devon bridge under moving trains was studied using the theory given 
in this section. 
 Let us consider a simply supported beam of span length lb traversed by series of 
concentrated constant loads of magnitude P at constant interval dv. The train contains identical 
cars each of full length lv, lc as a distance between the two bogies of a car, and distance lw between 
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the two wheel-axles of a bogie (Fig. 3.4) The equation of motion of beam under the action of 
moving loads travelling at uniform speed V is given by 
   
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Where, y(x, t) is the displacement of beam at a position x at time t;   is the Dirac delta function;  
E is modulus of elasticity; I is moment of inertia of the beam cross section; m is the constant mass 
per unit length of the beam; N being the total number of moving loads 
In terms of generalized coordinates, equation (3.20) can be represented as 
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For the first mode of vibration the particular solution of equation is  
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Where, /w w   is the ratio of the frequency of excitation to the natural frequency of beam. 
Figure 3.4. Bridge with series of moving load at constant velocity 
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2
1 / 1   is the dynamic amplification factor; /w V L b is the frequency of excitation; w is the 
first natural frequency of the beam which is given by: 
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L m
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  …………………… (3.23) 
Finally the displacement at any position of the beam for a particular time considering only the first 
mode of vibration can be given by: 
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The first term of equation (3.24) is the forced response of the beam due to the action of series of 
moving load over beam and the second term is the transient response of the beam due to free 
vibration of beam. 
a) Resonance in beam caused by the action of periodically loading of moving loads 
  To consider the phenomenon of resonance in beam caused due to the transient free 
vibration, we need to perform some transformation in the second term of equation (3.24). The sum 
of a finite progression sin (a-ix) (where i=1, 2….m) can be represented as 
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Substituting these terms into equation (3.25) we get, 
 
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Substituting i=k, m=N-1, a=wt and /
v
x w d V into the equation (3.28) we get, 
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The second term of equation (3.28) becomes indeterminate if / 2vw d V i  but the limiting 
solution can be obtained using the L Hospital’s rule, 
   
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……….. (3.29) 
The condition of resonance is hence given by, 
    ,
2
v
w d
i
V
  (i =1, 2, 3…)                             ………… (3.30) 
Substituting / 2vw d V i  into equation (3.30), the limiting value of transient response can be 
obtained as  
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Considering all modes of beam vibrations, and letting 2 b nw n f , the resonant condition of 
vibration can be derived from equation (3.31) as 
3 .6 . .
b n v
b r
f d
V
i
 (n=1, 2…, i=1, 2….)                     ………………………….. (3.32) 
Where, 
Vbr = resonant speed of train; fbn = n
th mode natural frequency of the bridge; dv is interval of the 
moving loads and multiplier i=1, 2. is based on the extreme condition as given by equation (3.30). 
Equation (3.31) shows that when a train with regularly arranged vehicle wheel-axles 
moving at a speed V may produce periodic dynamic loading on the bridge with loading time period 
dv/V . With each addition passage of train axle loads, the response of the bridge increases. Equation 
(3.32) is equivalent to the phenomenon of resonance for beam under series of moving loads found 
by researchers Yang et al. (1997). 
b) Resonance of bridge due to the action of loading rate of moving series of load 
The resonant condition for a simply supported beam caused due to loading rate of moving 
series of load can be obtained using equation (3.24) after substituting w n w . For a simply 
supported beam of length Lb the loading frequency is given / bw n n V L  and the n
th natural 
frequency of the beam 2 b nw n f , the resonant train frequency is given by: 
                                                           
7 .2 . .
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b r
f L
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n
  (n=1, 2…)… (3.33)                                                                   
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Equation (3.33) shows the condition of resonance is met when the time between consecutive train 
axles to travel over the bridge is equal to half of n times the natural frequency of the bridge. 
However, it is very rare for this condition of resonance to occur in bridge as it requires the train to 
move over the bridge at very high speed. For example if the first natural frequency of the bridge 
is 1.256 Hz with span length 67 m (similar to the bridge studied here), the first resonant speed is 
596.8 km/h which is not possible practically. Hence the resonance of bridge under this condition 
has not been considered in this research. 
 Power spectral density and singular value decomposition  
The experimental field testing of bridge provides only the response of tested bridge and 
doesn’t provide any measurement of input force causing that response. The modal identification 
in this situation will be based on acceleration data obtained at various locations of the bridge. The 
modal analysis based on Power Spectral Density (PSD) of the acceleration data and Singular Value 
Decomposition (SVD) of PSD matrix has been implemented for this research. 
The PSD is the frequency response of a random or periodical signal. The PSD shows the 
strength of the energy as a function of frequency. It gives information about the frequencies with 
high energy in the obtained signal. PSD of an acceleration signal, obtained from accelerometers 
used in field testing of a structure, will help to identify the natural frequency of structure. Only the 
formulation of PSD for a given signal is presented here. The more detailed discussion can be found 
in Peeters (2000). The PSD ( ( )w ) of a random signal  y(t) in time domain, windowed with 
window size N, can be expressed as an average of the Fourier transform magnitude squared over 
the time interval. 
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Where  .E = Expectation operator; and [ , ]w      = radians per sampling interval 
  SVD is a technique of handling with a square matrix that doesn’t have an inverse.  The 
SVD will help to reduce noise in any signal. The SVD of PSD matrix, containing the PSD values 
computed from a set of acceleration data will help to identify the natural frequencies, which 
appears as a distinct peaks of a SV matrix. The simple formulation of SVD is presented here in 
this thesis. The more detailed discussion on SVD can be found in Golub and Kahan (1965). The 
SVD of an m-by-n matrix B containing the PSD values for a set of accelerometer values, is given 
as:  
B=UWVT        ……………………………………………. (3.35) 
Where, U = m-by-n matrix of the orthonormal eigenvectors of BBT; and VT= transpose of a n-by- 
n matrix containing the orthonormal eigenvectors of BTB; and W= n-by-n diagonal matrix of the 
singular values which are the square roots of eigenvalues of ATA 
 Structural damping  
 Structural damping is caused due to friction between different elements in a structure.  
Damping in a structure is a process of energy dissipation which reduces the response of structure 
under loads.  Damping is represented in term of damping ratio, ( ) given as, 
2
n
c
m w
      ………………………….. (3.36)                                            
where c= actual damping; and wn= n
th natural frequency of a structure.  Of the various methods 
available for estimation of damping ratio from the frequency domain, the half-power bandwidth 
method is presented here. Figure 3.5 shows the calculation of damping ratio from PSD vs 
frequency plot using the half power bandwidth method. This method of estimating damping is 
utilized in chapter 7 of this thesis. 
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Figure 3.5. Half-power bandwidth method of estimating 
damping ratio 
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 Description of bridge studied 
 
 In this chapter the detail description of the bridge studied for this thesis research is 
presented.  
 Introduction 
The bridge studied for this thesis research is Devon Railroad Bridge over Housatonic River 
at Milford, CT.  The major component of the Devon Bridge are two steel trusses. The entire bridge 
is a two- track, seven span including one drawbridge with total length of 325.2 m (1155.5 ft.). 
Devon bridge is 107 years old and is operated by Metro-North Railroads .For this research, the 
eastern most span (span 7) near the abutment with span length 66.3 m (217.6 ft.) has been 
considered. Metro North and Amtrak passenger trains travel through the bridge. The general 
arrangement of all the spans of the bridge along with the location of the piers is shown in Fig.4.1.  
 
SPAN 7 
Figure 4.1.Elevation of the entire Devon bridge complex 
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The general arrangement of all structural component of the span 7 of Devon bridge is shown in 
Fig.4.2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Elevation of span 7 
 (c)Bottom chord plan of span 7 
 (b) Top chord plan of span 7 
NORTH TRUSS 
SOUTH 
TRUSS 
Figure 4.2.General drawing of span 7 of Devon bridge 
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 Floor system  
The floor system of Devon bridge is composed of 4 rails (2 for each track) spanning across 
the laterally placed wooden ties, supported across two stringers which are 1.98 m (6.5 ft.) apart. 
Figure 4.3 shows the picture of the track with rails and ties and Fig. 4.4 shows the picture of floor 
system showing floor beams, stringers and ties viewed from the bottom of the bridge.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.4.Open deck floor system 
Figure 4.3 Open deck track details 
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The arrangement of rails, ties and stringers of floor system of Devon bridge along with 
their dimensions and spacing is shown in Fig.4.5. The stringers of the Devon bridge intersects the 
floor beams. All stringer of the bridge are identical and are prismatic with cross section containing 
four angles and a 0.9 m (2.9 ft.) deep web plate. The 
typical cross section of stringer is shown in Fig. 4.6.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Arrangement of Rails, Ties & Stringers 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3” 
6” 6” c-c (198.12 cm) 
Rails 
4’ - 8½” (143.509 cm) 
9” (22.86 cm) 
A 
A 
10’ – 0” (304.8 cm) 
Plan View of Ties, Rails & Stringers 
5” (12.7 cm) 
9” (22.86 cm) 
14” (35.56 cm) 
 
9” (22.86 cm) 
Wood Ties 
Stringers 
Section A-A 
Figure 4.5. Plan view of rails, ties and stringer 
Figure 4.6 Typical section of stringer 
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The floor beams of Devon bridge are composed of top and bottom plates separated by 1.88 
m (6.2ft.) deep web plate. There are three different types of floor beams in the bridge: the 
intermediate floor beams which are connected rigidly to a vertical post; floor beams connected 
rigidly to hangers (vertical member); and the end floor beam which rest over the end posts at each 
end of the bridge. All floor beams sections are built up section and are non-prismatic. Table 4.1 
shows the section properties of floor beam and stringer section. The typical cross-section of end 
floor beam, floor beams at hanger and intermediate floor beams is shown in Fig.4.7, Fig.4.8, and 
Fig.4.9 respectively. The floor beams and stringers are built-up I-sections. The major shear area is 
calculated as the product of thickness and depth of the web. The minor shear area is calculated as 
the combined area of both the flanges. Figure 4.10 shows the side view of span 7. 
 Table 4.1. Floor system member section 
properties 
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Figure 4.7.Typical section of end floor 
beam at 0 m 
Figure 4.8.Typical section of floor beam at 
hanger at 0 m. 
Figure 4.9.Typical. Section of intermediate floor 
beam at main at 0 m 
Figure 4.10. Side view of span 7 of Devon truss bridge 
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 Trusses  
The floor system of the Devon bridge is supported by two 12.2 m (40 ft.) tall trusses which 
are 9.4 m (30.84 ft.) apart. Each truss of the bridge is composed of 6 vertical posts, 7 hangers, 20 
lateral members, end posts, top chord and bottom chords. Figure 4.10 shows the picture of side 
view of truss of span 7. Table 4.2 and Table 4.3 shows the section properties of axial and bending 
members of components of trusses.  The section properties of hangers, top chords, built up truss 
members, verticals, end post and top chords is shown in Fig. 4.11 – 4.15. The two trusses of the 
bridge are restrained against lateral sway by the top and bottom bracings. 
Table 4.2. Properties of axial member of trusses 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Member 
Gross Area 
(in2) 
Length (ft.) Weight (kip) 
Bottom chord   
L0 - L2 ; L12-14 82.50 31.08 10.470 
L2 - L4 ;L10- l12 82.50 31.08 10.470 
L4-L6;L8-L10 125.00 31.08 15.864 
L6-L8 143.75 31.08 18.243 
Sub-diagonals (tension) 
L6 - M7;M7-L8 22.00 25.33 2.275 
U2 - M3;M11-U12 82.50 25.33 8.533 
M3 - L4;L10-M11 77.50 25.33 8.016 
U4 - M5;M9-U10 56.00 25.33 5.792 
M5 - L6;L8-M9 48.00 25.33 4.965 
L4 - M5;M9-L10 9.00 25.33 0.931 
M5 - U6;U8-M9 17.00 25.33 1.758 
U6 - M7;M7-U8 30.00 25.33       3.103 
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              Table 4.3.Properties of bending members of truss 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Member 
Area 
(in2) 
Length 
(ft.) 
Weight 
(kip) 
I-xx (in4) I-yy (in4) 
      
End posts and top 
chord 
    
L0 - U2 170.88 50.66 35.35 28,796.10 25,031.39 
L14 - U12      
U2 - U4 160.25 31.083 20.34 27,014.61 24,185.03 
U10 - U12      
U4 - U6 184.25 31.083 23.39 33,159.11 25,410.74 
U6 - U8      
U8 - U10      
Sub-Diagonals     
M1 - L2 27.23 25.33 2.82 1,212.09 1,108.54 
M13 - L12      
M3 - L2 27.23 25.33 2.82 1,212.09 1,904.96 
M11 - L12      
Verticals (Tension and Compression)   
L2 - U2 (T) 
 
54.44 40 8.89 
 
3994 5550.52 
L12 - U12 
(T) 
     
L4 - U4 (C) 
 
70.44 40 11.51 
 
7298.78 7901.83 
L10 - U10 
(C) 
     
L6 - U6 (C) 48.44 40 7.91 3706 5168.08 
L8 - U8 (C)      
Figure 4.11. Section of hanger Figure 4.12. Typical section of 
vertical L2-U2 
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 End support conditions 
The superstructure, under consideration, is supported by expansion bearing at the east 
abutment and the fixed bearing at the location of pier on the west end. The expansion bearing is 
composed of pin and roller combinations and allows translation and rotation whereas the fixed 
bearing allows only rotation and has the sole plate attached to the bridge bearing which is anchored 
to the piers through anchor bolts. The expansion and fixed bearing are protected by the dust guard 
plates.  
 
Figure 4.14.Section view of top chord 
U2-U4 Figure 4.13.Section view of end post L0-U2 
Figure 4.15.Section view of built up truss 
member M1- L2 
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 Finite element analysis 
This chapter describes the finite element analysis and result of the studied bridge. The first 
section of this chapter presents the effect of various conditions such as damping, consideration of 
different number of modes of vibration and various load models of vehicles in the midpoint vertical 
displacement of a simply supported bridge which is modeled as a simple beam. The comparison 
of the displacement of the beam under moving load obtained from finite element analysis with the 
response obtained analytically using equation given by Biggs (1974) is also presented in the first 
section. The second section of this chapter describes the dynamic load for the finite element 
analysis of a bridge under moving vehicle (train) based on the preliminary study performed in the 
first section of this chapter and literature review of articles. The third section of this chapter 
presents the finite element modeling, analysis and results of Devon Bridge using the moving load 
model of trains. The fourth section of this chapter presents the summary of results from the finite 
element analysis of Devon Bridge.  
 Simply supported beam (bridge) traversed by moving vehicle 
In this section various conditions affecting the midpoint displacement (dynamic response) of a 
simply supported beam (bridge) under moving vehicle were studied. Although the study was 
conducted for a simple beam (bridge), this study is helpful in establishing the background for the 
finite element analysis of Devon Bridge in the later section of this chapter. The conditions which 
were considered for this study were:  
a) Effect of damping of beam 
b) Effect of consideration of various modes of vibrations 
c) Effect of various load models of the vehicle 
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The response of the bridge was studied under three different types of vehicles. The 
vehicles (I, II and III) and bridge parameters used for this study is presented in Table 5.1.  
 Table 5.1.Vehicle and bridge parameters 
Parameters of beam (Biggs 1974) 
Mass per unit length of bridge(m) 2303 kg/m 
length of bridge(L) 25m 
Young’s modulus of elasticity(E) 2.87 GPa 
Poisson ratio (v) 0.2 
Moment of inertia(I) 2.9  m4 
First natural frequency of beam (wb) 30.02 rad/s 
 
Analysis and results 
a) Effect of structural damping: 
 
The midpoint response of the beam was obtained under vehicle I using moving load model 
(Biggs 1974) was obtained for two different speeds (50 km/h and 100 km/h). The damping ratios 
were varied from 𝜉=0(undamped) to 𝜉 =0.2. The results are shown in Figs.5.1and 5.2. It can 
be seen from both the figures that the effect of damping in the response of the bridge under moving 
vehicle is not significant.  
 
 
Parameters of vehicle Vehicle I Vehicle II Vehicle III 
Mass of vehicle (Mv) 5750 kg 11500 kg 17250kg 
Stiffness of springs (Kv) 1595kN/m 2392.5 kN/m 3190 kN/ m 
Natural frequency of vehicle vibration(wv)  16.5 14.4 13.6 
Damping ratio ( 𝜉 v)  
0.2 0.25 0.3 
Ratio of mass of vehicle to mass of bridge (β) 0.1 0.2 0.3 
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b) Effect of consideration of various modes of vibration 
To study the effect of consideration of different modes of vibration in the midpoint 
(undamped ) displacement of the beam has been obtained using the moving load model (Biggs 
1974) of vehicle I for three different speeds( 50km/hr,100km/h,150km/h) and shown in Figs 5.3-
5.5.It can be seen from the plots that the effect of different modes in midpoint deflection is 
negligible as antisymmetric modes contribute nothing for the midpoint displacement (Yang et al. 
2004 ) and first mode is enough for the midpoint displacement (maximum) of the simply supported 
beam under moving vehicle. 
Figure 5.1.Effect of different damping ratios for speed 13.88 m/sec (50 km/h) 
Figure 5.2. Effect of different damping ratios for speed 27.78 m/sec (100 km/h) 
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Figure 5.3.Effect of different modes on midpoint response of the beam under 
vehicle I moving at speed 13.88 m/s (50 km/h) 
Figure 5.4. Effect of different modes on midpoint response of the beam under 
vehicle I moving at speed 27.78 m/s (100 km/h) 
Figure 5.5 Effect of different modes on midpoint response of the beam under vehicle I 
moving at speed 41.64 m/s (150 km/h) 
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c) Effect of different vehicle models in response of the bridge 
In this section, midpoint displacement of a simply supported beam (bridge) under moving 
vehicle is obtained using the Bigg’s (1974) equations (as explained in Chapter 3 of this thesis).  
For the analysis different vehicle load models were considered. First load model is the moving 
load model which considers the gravitational effects of the vehicle load but neglects the inertial 
and interaction effect of the vehicle. The second load model is the moving mass model which 
considers the gravitational and inertial effect of the vehicle but neglects the interaction between 
the bridge and vehicle. Finally, the sprung mass model which considers the gravitational, inertial 
and interaction effect of the vehicle was considered for analysis. For the analysis three different 
vehicles (Vehicle I, Vehicle II and Vehicle III) with different masses were considered (different 
inertia) for analysis. The vehicles were allowed to move over the beam at various speeds and the 
midpoint displacement of beam was obtained for each speed. The comparison of midpoint 
displacement of the bridge studied over time for each vehicles considering three different load 
models are presented in Appendix –D of this thesis. The maximum midpoint displacement of the 
bridge studied for each vehicles over different speeds for each load model is presented in Figs.5.6-
5.8 
 
 
 
 
 
 
 
Figure 5.6. Maximum midpoint displacement for 
various load models of vehicle I for various speeds 
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Figure 5.8. Maximum midpoint displacement for various load 
models of vehicle III for various speeds 
 
Figure 5.7. Maximum midpoint displacement for various load 
models of vehicle II for various speeds 
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The limiting speed, where all load three load models produce similar response, was found 
to be 352 km/h for Vehicle I, 224 km/h for Vehicle II, 128 km/h for Vehicle III. It was found that 
there is decrease in limiting speed with the increase in vehicle mass. The difference between the 
values of maximum midpoint bridge displacement under moving mass load model and moving 
spring mass model of Vehicle III was found out to be 8.08 % for 160 km/h speed (maximum speed 
used for finite element analysis of Devon bridge), 17.74% for 428.8 km/h (fastest maglev train), 
25% for 864 mph. 
Train load for dynamic analysis for finite element analysis. 
It was found from the preliminary study of response result presented earlier by considering 
various models of vehicle (moving load, moving mass, spring mass model) with different masses 
moving at different speeds were equivalent. The detailed study for response of Railway Bridge 
under different load models of vehicle was done by Majka and Hartnett (2004). The researchers 
(Majka and Harnett 2004 ) performed the analysis of a railway bridge under various load models 
of vehicle(train), damping ratio of vehicle, ratio of frequency of vehicle to bridge using the 
parametric or non-dimensional terms which makes the study independent of the bridge type or 
material as long as the bridge is simply supported condition . Form their study, the researchers 
(Majka and Hartnett 2004) found that the difference in response of the bridge under different load 
models is not significantly high and moving load model of the vehicle seem to produce higher 
displacement. Also they found that the effect of vehicle damping and suspension system had little 
impact on the response of the bridge. Zhijie (2012) analyzed the railway truss bridge using the 
moving load model of train and found out the response results using this model of train were 
comparable with that obtained from the experimental test. Hence for the dynamic analysis of the 
Devon Bridge under various trains, moving load model of train has been used. 
42 
For the dynamic moving load analysis in FEM, the vehicle load was modelled as a load F 
of the triangle (Goicolea et al. 2002, Zhijie 2012) shown in Fig.5.9. The ramp time ( Δt= d/v), the 
time difference between time t2 and t1 and time t3 and t2, for vehicle load was based on the spacing 
of two consecutive nodes on the beam and speed of vehicle (v). Based on the nodal spacing on the 
bridge and speed of the vehicle, different arrival time for time vs load curve was defined for each 
nodes on the beams to simulate the moving load. 
 
 
 
 
 
 
 
Validation of triangular model of wheel load  
The comparison of vertical displacement (undamped) of midpoint of beam using the 
equation of motion given by Biggs (1974) (described in chapter 3 of  this thesis) for moving load 
model of vehicle and the finite element analysis using the triangular load model representing wheel 
load is presented in Fig 5.10. The vehicle considered for this comparative analysis is vehicle I 
presented in previous section of this thesis. 
F F F 
V 
t=t1 t=t2 t=t3 
t1 t2 t3 t 
F 
t2=t3= d/V 
d
(a) Application of moving vehicle load 
(b)Moving load definition for a node in FEM  
d
Figure 5.9.Dynamic simulation of vehicle load 
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 Finite element modelling and analysis of Devon truss bridge 
In this section the finite element modelling of the Devon Bridge using the finite element 
code STAAD.Pro (Bentley 2012) is described. This section also presents the response result 
obtained from finite element analysis of Devon Bridge. 
Finite element model of Devon Bridge 
The three-dimensional model of the span 7 was prepared in finite element code 
STAAD.Pro V8i. The geometry of the cross section of members and boundary conditions of finite 
element were based on the updated drawings prepared for renovation. The various member of 
Devon Bridge: top-chords, verticals, hangers, floor beams, stringers, rails, ties as shown in Fig. 
4.2 were modelled as a beam element and the lateral members including the eye-bars of bottom 
chords of trusses are modelled as axial element (released rotation for three direction at each nodes) 
in finite element model (FEM).  
The actual end bearing of the bridge were modelled as roller support for expansion end and 
as a hinge support for the fixed end of the bridge. Roller support of FEM had the released 
Figure 5.10. Comparison of midpoint displacement from FEM and moving load 
model by Biggs (1974) under vehicle I 
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translation in longitudinal direction of the bridge but the translation in other two direction were 
restrained. Whereas, the hinge support of FEM had translation in all three direction restrained. 
Figure 5.11 shows various components of FEM.   
Two different finite element models of Devon bridge were constructed. The first model 
had simplified top bracings and the second model had detailed top-bracings. Figure 5.11(c) and 
Fig.5.11 (d) shows FEM of Devon bride with simplified top bracings and detailed top bracings 
respectively.  The details of all structural members along with their properties and boundary 
condition used in the finite element model is presented in Table 5.2. Table 5.3 presents the number 
of nodes and the elements in FEM of bridge used for the various analysis. 
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 Member Type 
Number of 
Members in the 
Structure 
Properties 
Modulus of  
Elasticity (N/mm2) 
Density 
(Kg/m3) 
Material  
1 Floor Beam 15 199947.96 7849 Steel 
2 Stringer 56 199947.96 7849 Steel 
3 Ties 364 1450 750 Wood 
4 Rail 4 199947.96 7849 Steel 
5 Components of Truss 
a Hangers 14 199947.96 7849 Steel 
b Bottom Chords 14 199947.96 7849 Steel 
c Top Chords 10 199947.96 7849 Steel 
d Verticals 12 199947.96 7849 Steel 
e End Chords 8 199947.96 7849 Steel 
f Diagonals 40 199947.96 7849 Steel 
g Cross Bracings 10 199947.96 7849 Steel 
h 
Intermediate Struts 
(Horizontal bracings) 6 199947.96 7849 Steel 
i 
Bottom 
Bracings(horizontal) 28 199947.96 7849 Steel 
j 
Bottom 
Bracings(cross) 28 199947.96 7849 Steel 
Table 5.2.Details of structural members for the FEM 
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Table 5.3.Number of Elements and Nodes for FE Analysis (Simplified top bracing model) 
 
 
 
 
 Components/Members 
Number of 
members 
Element Type 
for FE 
analysis 
Number of 
Nodes in 
each 
member type 
Number of 
Elements in 
each 
member type 
1 Floor beam 15 Beam 40 39 
2 Stringer 56 Beam 10 9 
3 Ties 364 Beam 4 3 
4 Rails 4 Beam 184 183 
5 Truss-Vertical post 12 Beam 40 39 
6 Truss-End Chord 8 Beam 20 19 
7 Truss-Hangers 14 Beam 20 19 
8 Truss-Bottom Chords 14 Truss 2 1 
9 Truss-Top Chords 10 Beam 20 19 
10 Truss- Intermediate Struts 6 Truss 2 1 
11 Truss-Diagonals 40 Truss 2 1 
12 Truss- Cross Bracings 10 Truss 2 1 
13 Truss-bottom bracing     28 Truss 2 1 
14 Truss-cross bracing 28 Truss 2 1 
Total number of nodes in the  Finite Element  model of the  entire structure 4371 
Total number of elements in the   Finite Element model of the entire structure 5316 
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South 
Truss 
North 
Truss 
(b). Trusses in FEM 
(c). 3-D FEM of Span 7 of Devon 
Bridge with simplified bracings  
(a). Floor system of  in FEM 
. 
Stringer
s 
Floor Beams Rail
s 
Hinge Support Roller Support 
(d). 3-D FEM of Span 7 of Devon Bridge 
with detailed bracings  
Figure 5.11.Components of the FEM and two different FEM models of span 7 of Devon 
Bridge. 
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Description of passenger train used for finite element analysis 
Devon Bridge is used by Amtrak and Metro-North passenger trains for crossing Housatonic 
River. The axle arrangement and load of each passenger train considered for this thesis study is 
shown in Fig. 5.12.   However, the train axle loads shown in Fig.5.12 do not include the additional 
load due to passengers. Table 5.4 presents the axle loads for fully loaded passenger cars. The 
percentage increase in axle load for fully loaded train cars compared with the empty train cars can 
be as high as 11.84 % for Metro-North passenger trains while for Amtrak Acela train the increase 
in percentage of axle load is about 8.45% only. For this research, Amtrak Acela train with two 
engines (one at each end) and 6 cars in between; Amtrak Regional train with one front engine and 
8 cars; and Metro-North M8 train with 8 cars have been considered.  However, the number of cars 
can change as the trains usually have more cars during the peak hours and less cars during other 
times. The maximum permissible speed of passenger trains on the bridge is 64.37 km/h. (40mph). 
Table 5.4. Additional weight per axle in KN, on cars, based on 68kg (150 lb.) per passenger 
 
 
 
Car type Seating 
Capacity 
Empty car 
weight per 
axle 
Total Added 
weight 
Full car 
weight per 
axle 
Percent 
increase 
Metro-North 
M8 
114 160.36 19 179.36 11.84 
Amtrak 
Acela 
65 129 10.9 139.9 8.45 
Amtrak 
Regional 
72 157.9 12 169.9 7.6 
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Dynamic train load for finite element analysis 
The dynamic train loading for finite element analysis to determine bridge response was 
determined based on the axle loading and spacing of each train shown in Fig. 5.13. Each train 
wheel load time history was modelled approximately as a load F of the triangle, shown in Fig.5.13 
(a). The ramp time (Δt= d/v), the time difference between time t2 and t1 or time t3 and t2, for each 
wheel load was based on the distance of two consecutive nodes (d) on rail on FEM and also on the 
speed of train(v).  
(a) Amtrak Acela Train loading (Amtrak 2005) 
(b) Amtrak Regional Train loading (Amtrak 2010) 
(c)  Metro-North M8 Train loading ( ConDOT 2011) 
Figure 5.12.Axle arrangement of passenger trains on Devon Bridge 
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Time versus loading curve for a train at a given speed was determined combining all the 
wheel loads of the train. Figure 5.13 (c) shows the load vs time curve for front two axles of first 
car and front axle of second car and Fig. 5.14 shows the load vs time curve for Metro-North M8 
train with 8 cars travelling at speed 20 km/h. (12.42 mph).  Based on the distance between 
consecutive nodes on rails in FEM and speed of the trains, different arrival time for time vs load 
curve was defined for each nodes to simulate the moving load. 
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(c). Time history of wheel load for 1st car and 
half of 2nd car of Metro-North M8 train 
travelling at 20 km/ h. 
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(a) Application of moving wheel load 
(b)Moving load definition for a 
node in FEM  
d
Figure 5.13. Dynamic simulation of wheel load 
Figure 5.14.Time history of wheel load for Metro-North 
M8 train with 8 cars travelling at 20 km/ h. 
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Structural Damping 
The effect of damping is to reduce the response of the bridge under the dynamic loading. 
Generally for most structures the modal damping ratio, 𝜉 are in the range of 0.01 to 0.1 (Karlsson 
and Nilsson 2007).Open deck steel truss bridges have lower damping ratios compared with the 
prestressed concrete or reinforced concrete bridges (Ekstrom and Kieri 2007). For the finite 
element analysis of Devon bridge, modal damping ratio, 𝜉=0.02 was assigned for the first mode 
and the maximum modal damping ratio, 𝜉=0.05 has been assigned to the highest mode considered 
and the modal damping ratio for other modes in between were calculated using the Rayleigh 
damping (mass and stiffness proportional damping). 
Comparison of response from the two finite element models of Devon bridge: 
simplified top-bracing model and detailed top-bracing model 
The response obtained from the simplified top-bracing model and detailed-top bracing model 
of Devon bridge as shown in Fig.5.11 (c) and 5.11(d) is compared in this section.  
Static analysis using the influence line technique 
The response obtained from simplified and detailed top-bracing models of bridge were 
compared. Wheel load of Amtrak Acela train, was moved statically over the bridge on track 
3(towards NY) in number of static steps (total 100) and the response of the bridge for each location 
of the train was obtained for both finite element models. The displacement node L7 of north truss 
of bridge under Acela train on track 3 for both models is presented in Fig.5.15. Figure 5.16 presents 
the stress of member M7-L8 of bridge under Acela train on track 3 for both models. It can be 
concluded by studying Fig.5.15 and 5.16 that the static response of both the model are equivalent. 
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Figure 5.15.Vertical displacement of node L7 of north truss under Amtrak 
Acela train on track 3 moving towards NY for both FE models 
Figure 5.16.Axial stress diagram for member M7-L8 of north truss under Amtrak 
Acela train on track 3 moving towards NY for both FE models 
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Modal analysis 
Modal analysis of both the models was performed and the comparison of the global modal 
frequency of vibration is presented in Table 5.5 below. It was found that the natural frequencies 
obtained from both finite element models are equivalent.  
Table 5.5.Comparison of natural frequencies of vibration of both FE models. 
 
From the comparison of the displacement of bridge, stresses of bridge member and modal 
analysis, it was found that the simplified top bracing model presented in Fig.5.11 (c) and detailed 
top bracing model presented in Fig.5.11(d) are equivalent hence for further computation, only 
simplified model of the bridge have been used. The reason for choosing model with simplified top 
bracing model over the detailed top bracing model is to save computation time with reduced 
degrees of freedom. 
 
Results from finite element analysis of the simplified top-bracing model of Devon 
Bridge 
a)  Static analysis 
 
The static analysis using the finite element model of Devon bridge was performed 
under self-weight of the bridge and set of static loads (100 here) caused due to movement 
of train on track 3 of Devon bridge.  
 
Global Modes Natural frequency 
% difference w.r.t 
detailed top bracing 
results 
Detailed Top 
Bracing 
Simplified top 
 bracing 
First lateral mode 1.478 1.256 17.7 
Second lateral mode 3.564 3.635 1.9 
First vertical mode 4.837 4.854 0.35 
54 
Analysis and results under self-weight of the bridge 
The deflected shape of the bridge under its self-weight is shown in Fig.5.17. 
 
 
 
 
 
 The vertical and lateral displacements of various nodes under the self-weight of the bridge 
is shown in Table 5.6 and Table 5.7 respectively. Compared with the vertical displacement, lateral 
displacement under self-weight of the bridge were negligible. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.17.Deflected shape of Devon bridge under its self-weight 
Deflected shape  Un-deflected shape 
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
11.26 11.262 11.17 11.17 11.26 11.26 11.376 11.38 11.37 11.37
Vertical Displacement (mm)
Truss Nodes
L6 L7 L8 U6 U8
Table 5.6 Vertical displacement of various bridge nodes under its self-weight 
Table 5.7 Lateral displacement of various bridge under its self-weight 
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
0.004 0.005 0.001 0.001 0.005 0.005 0.12 0.12 0.12 0.12
Lateral Displacement (mm)
Truss Nodes
L6 L7 L8 U6 U8
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Analysis under sets of static loads caused due to movement of vehicle on the bridge (Influence 
line technique) 
 The axle loads of the trains (as shown in Fig 5.12) was moved on track 3 towards NY 
under the static steps (all together 100) and the response of the bridge was obtained. Figs. 5.18 
and 5.19 shows the FEM of Devon bridge with wheel loads corresponding to Amtrak Acela train 
at various instances of movement (static) 
 
 
 
 
 
 
 
 
 
 
 
The static response of node L7 and L8 of north truss under Acela and Regional train on 
track 3 moving towards NY is shown in Figs.5.20 and 5.21 respectively. The static displacement 
curves shows two peaks displacements for Acela caused due to the two engines (heavy axles) at 
Wheel load of 2st car 
Wheel load of Engine  
Wheel load of 1st car 
Figure 5.19. FEM of Devon bridge with wheel loads of engine and first car 
and half of second car of Amtrak Acela train 
Direction of 
Travel 
 
Wheel load of Engine  
Wheel load of 1st car 
Figure 5.18. FEM of Devon bridge with wheel loads of 
engine and half of first car of Amtrak Acela train 
Direction of 
Travel 
 
Track 3 
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each end of the train, whereas there is single peak displacement under Regional train caused due 
to the front engine(heavy axle). Also for both trains, hanger node (L7) have higher displacement 
than bottom chord node (L8). 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.20. Static displacement of north truss nodes under Amtrak Acela train on 
track 3  
Figure 5.21 Static displacement of north truss nodes under Amtrak Regional train 
on track 3  
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Table 5.8 and 5.9 shows the vertical and lateral displacement (maximum value) result of 
bridge at various locations respectively. From Table 5.8 and 5.9 it can be found that the 
displacement of nodes of truss (north) adjacent to the track 3 has higher vertical displacement 
than the similar nodes on opposite truss (south).  
 
 
b) Modal analysis 
The modal analysis of the finite element model of Devon Bridge was performed to obtain the 
mode shapes and natural frequencies of vibration. The theoretical background for obtaining the 
natural frequencies and mode shapes of the structure using the finite element model is explained 
in the Chapter 3 of this thesis. 
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
Static Amtrak- Acela train 6.97 4.35 7.22 4.71 6.75 4.33 7.03 -0.27 6.87 -0.19
Static Amtrak- Regional 7.76 3.49 7.84 3.57 7.57 3.42 7.85 3.48 7.62 3.44
Static Metro-North train 7.29 3.3 7.68 3.44 7.36 3.28 7.39 3.31 7.45 3.3
Trains
Vertical Displacement (mm)
Truss Nodes
L6 L7 L8 U6 U8
Table 5.8. Vertical displacement of bridge under sets of static train loads moving towards NY 
on track 3  
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
North 
Truss
South 
Truss
Static Amtrak- Acela train 0.44 0.45 0.52 0.51 0.52 0.51 4.76 4.64 3.92 3.8
Static Amtrak- Regional 0.46 0.47 0.53 0.534 0.54 0.55 3.37 3.26 3.01 2.91
Static Metro-North train 0.4 0.4 0.47 0.46 0.48 0.48 2.95 2.83 2.65 2.53
Trains
Lateral Displacement (mm)
Truss Nodes
L6 L7 L8 U6 U8
Table 5.9.Lateral displacement of bridge under sets of static train loads moving towards NY on 
track 3 
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The first 20 modes of bridge 
vibration along with their natural 
frequencies obtained from the modal 
analysis of the FEM is presented in 
Table 5.5. As there are many 
components in a truss bridge, there 
are many local modes of vibrations. 
The first five global mode shapes of 
the bridge vibration is presented in 
Fig. 5.22.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5.22(a) Global First lateral: 1.256 Hz (Mode 1) 
Fig. 5.22(b) Global Second Lateral: 3.635 Hz (Mode 10) 
Table 5.10.First 20 modal frequencies from FEM 
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c) Time history analysis using finite element model 
 
The time history analysis of the finite element model using the dynamic load mentioned in 
previous section of this chapter was performed and the dynamic displacement response of the 
bridge was obtained. For the time history analysis, the trains were moved in track 3 towards NY 
(similar as during field test on actual bridge) at various speeds. 
 
 Fig.5.22(c) Global First Vertical: 4.854 Hz (Mode 14) 
Fig 5.22(d) Global First Longitudinal: 7.681 Hz (Mode 17) 
Figure 5.22. First five global modes of vibration from FEM (simplified top bracing model) 
Fig 5.22(e) Global second vertical: 10.705 Hz (Mode 20) 
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Effect of consideration of different modes in the response of the bridge using the time history 
analysis under moving trains 
 Although a multi-degree structures has as many modes of vibrations as the degree of 
freedoms considered for analysis, not all modes will have significant effect in determining the 
dynamic response of the bridge. Higher speed of moving vehicles will excite higher frequencies 
of vibrations hence it is important to compute the optimum number of modes in the calculation of 
response of bridge. Acela train (moving on track 3 towards NY) with heavy axle moving at 95mph 
(maximum speed considered for the finite element study in this thesis) was considered for the 
dynamic analysis and effect in the response of the bridge considering different modes of vibration 
is presented in Fig.5.23 and 5.24. 
From Fig 5.23 it can be seen that the response of the bridge by considering mode 1-14 
(which includes the first vertical mode of vibration) is not enough as there are contribution of 
higher modes. However, the vertical response of the bridge converged when mode 1-50 were 
considered. From Fig 5.24 it can be seen that the major contribution of lateral displacement is less 
affected by consideration of different modes of vibration as the major contribution of lateral 
displacement is mode 1.The cumulative modal mass participation factor for first 50 mode shapes 
were 95.877 % in X-direction (longitudinal), 91.324 % in Y-direction (vertical), 95.775 % in Z-
direction (lateral). Hence for further analysis, modes 1-50 has been considered. 
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Results from the time history analysis under various trains 
The maximum vertical and lateral displacement of various nodes of the bridge under 
various trains on track 3 from the time history analysis is shown in Table 5.11 and 5.12 
respectively. 
Table 5.11. Maximum vertical displacement of bridge from time history analysis. 
Table 5.12. Maximum lateral displacement of bridge from time history analysis. 
Figure 5.23. Effect of different modes in 
vertical response of the bridge (node L7 
of north truss) 
Figure 5.24. Effect of different modes in 
lateral response of the bridge (node U6 of 
north truss) 
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The time history of vertical displacement of node L7 and node L8 of north and south truss 
for various passenger trains travelling at 64.4 km/h. (40 mph) travelling towards NY on track 3 is 
shown in Fig. 5.25. – Fig.5.28. The lateral displacement time history of top chord node U6 of north 
truss for various passenger trains travelling at 64.4 km/h. (40 mph) travelling towards NY on track 
3 is shown in Fig.5.29. Figure.5.31 shows the comparison of lateral displacement time history of 
top chord node U6 of north and south truss under Amtrak Regional train travelling at 64.4 km/h. 
(40 mph).   
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.25.Dynamic vertical displacement of node L7 
of north truss under different trains on track 3 at 64.37 
km/h. (40 mph) 
Figure 5.26.Dynamic vertical displacement of node L8 
of north truss under different trains on track 3 at 64.37 
km/h. (40 mph) 
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Figure 5.27.Dynamic vertical displacement of Node L7 of 
south truss under different trains on track 3 at 64.37 km/h. 
(40 mph) 
Figure 5.28.Dynamic vertical displacement of Node L8 of south 
truss under different trains on track 3 at 64.37 km/h. (40 mph) 
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The time history of vertical and lateral displacement mimics the arrangement of axle loads 
in the trains with peaks under the heavy axle and harmonic response under axles under cars. 
Figure 5.29. Dynamic lateral displacement of Node U6 of north 
truss under different trains on track 3 at 64.37 km/h. (40 mph) 
Figure 5.30. Dynamic lateral displacement of Node U6 of 
north and south truss under Amtrak Regional on track 3 at 
64.37 km/h. (40 mph) 
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 Summary of results from finite element analysis  
a) From the modal analysis of FEM of bridge, it was found out that the first and second global 
mode of vibration was in lateral direction with frequency of 1.256 Hz and 3.635 Hz. The 
third global mode of vibration was in vertical direction with frequency of 4.854 Hz. Finally 
the fourth global mode of vibration was in longitudinal direction with frequency of 
7.681Hz. 
b) From the static and the time history analysis of FEM, it was found that the response of 
bridge is higher under Amtrak Acela train compared with other passenger trains. It is 
because of higher axle load of Amtrak Acela train.  
c) The vertical displacement of the truss (here north truss) near to the track with train is higher 
than the truss which is far from the track with the train.  
d) The lateral displacement of both the truss are equal irrespective of the location of the train 
on the bridge. 
e) The displacement response curves shows two peak displacements for the Amtrak-Acela 
train which is caused due to the two engine at each end of the train and a symmetrical 
response caused due to passenger cars. For Amtrak Regional train, there is a single peak 
displacement caused due to the engine and the displacement time history curve becomes 
symmetrical when there are only passenger cars remaining on the bridge. The displacement 
time history curve due to the Metro-north train is symmetrical as all the axle loads are 
equal. 
f) The results obtained from the simplified top-bracing and detailed top-bracing finite element 
model were comparable hence to save the computation time, all finite element result 
presented here in the thesis is from the simplified top-bracing model. 
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 Experimental field testing and data processing 
The first section of this chapter describes the experimental field testing of Devon Bridge 
under moving trains and the second section of this chapter describes the field data processing to 
obtain the response of the bridge. The final section is the summary and conclusions for this chapter. 
 Experimental field testing 
Data obtained from experimental field test of bridge provides a reliable estimation of the 
dynamic characteristics of the bridge. The ambient vibration testing of span 7 of Devon Bridge 
was performed under passenger trains to obtain the bridge response. Two type of field tests were 
conducted on the bridge on the same day. The first field test was with accelerometers whereas, the 
second field test was done with the linear variable differential transducers (LVDT). 
a) Field test with accelerometers 
In order to obtain the modal parameters of bridge vibration, the accelerometers were used to 
collect the response of the bridge under moving passenger trains on the bridge. The instrument 
used to measure the acceleration response of 
the bridge were five Ref-Tek high resolution 
triaxle accelerometer Model 147-
01/1(Trimble 2014). The picture of 
accelerometer attached to the floor beam of 
Devon bridge is shown in Fig.6.1. 
 
 
Figure 6.1.Accelerometer attached on the 
floor beam of Devon bridge 
67 
Layout of accelerometer setups 
The accelerometers were mounted on the top of floor-beams and side of vertical posts 
and were moved to several other locations on the bridge. The accelerometers were wired to the 
data acquisition system for data collection. 
There were all together 5 test setups to cover the planned testing area of the span of the 
bridge. Three accelerometers were located in stationary base stations and two were located in 
movable stations. The details of setup for accelerometer is shown in Table 6.1 (below) and the 
locations of accelerometer on the bridge is shown in Fig.6.2.  The accelerations locations were 
identified as P1, P2, P3, P4 and P5. The number within the parenthesis of movable sensor locations, 
P1 and P4 represents the location corresponding to each setup of field experiment. The detailed 
description on location of accelerometer on the bridge during the field experiment is presented in 
note below.  
 
 
 
 
 
 
Figure 6.2.Location of acceleration for all setups 
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The details of location of accelerometers on the bridge shown in Fig. 6.2   
Accelerometers location on base (stationary) stations 
 
P2 – North end of floor beam spanning from node L9 of both trusses. 
P3 – North end of floor beam spanning from node L5 of both trusses. 
P5 – North end of    floor beam spanning from node L5 of both trusses. 
 
Accelerometers location on movable stations 
 
P1 (1) – North end of floor beam spanning from node L14 of both trusses. 
P1 (2) – North end of floor beam spanning from node L12 of both trusses. 
P1 (3) – North end of    floor beam spanning from node L10 of both trusses. 
P1 (4) - North end of floor beam spanning from node L18 of both trusses. 
P1 (5) – On vertical (L8-U8) of south truss 
 
P4 (1) – North end of floor beam spanning from node L1 of both trusses. 
P4 (2) – North end of floor beam spanning from node L2 of both trusses. 
P4 (3) – North end of floor beam spanning from node L4 of both trusses. 
P4 (4) – North end of floor beam spanning from node L6 of both trusses. 
P4 (5) – On vertical (L6-U6) of south truss 
Collection of acceleration data 
The acceleration response of the bridge was collected when the trains were on the bridge. 
For each field experiment setups, there were 15 sets of acceleration data, 5 in each direction. A 
sampling frequency of 200 Hz was used to capture the accelerometer data. The list of trains under 
which the acceleration response of the bridge was collected during the field test is presented in 
Table 6.1. 
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Table 6.1. Setup of accelerometer and number of trains under which the bridge acceleration is 
collected 
All three trains travel at 40mph except Waterbury which travel at 10mph   
Setup 
Number 
Base sensor 
station 
Movable  sensor 
station 
Number of trains for which data was collected  
Acela Regional M8 Waterbury 
1 P2,P3,P5 P1(1),P4(1) 1 2 6 2 
2 P2,P3,P5 P1(2),P4(2)     1 2 
3 P2,P3,P5 P1(3),P4(3) 1       
4 P2,P3,P5 P1(4),P4(4)   1 1   
5 P2,P3,P5 P1(5),P4(5)   1 1   
 
Sample of raw acceleration response data in vertical, longitudinal and lateral directions 
for accelerometer at location P2 obtained from the field testing for setup 5 is shown in Fig.6.3 - 
6.5 respectively. The acceleration signals are presented when the metro-north M8 train is on the 
bridge. From Fig.6.3- 6.5 it can be seen that the lateral acceleration signal is higher than 
acceleration signal for other two direction of the bridge. 
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Figure 6.3.lateral acceleration response for bridge under metro-north M8 
for accelerometer at location P2 for field setup 5 
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a) Field test with linear variable differential transducers( LVDT) 
The vertical displacement response of bridge was measured using the Trans-Tek linear 
LVDT (Trantek 2015).  The LVDTs were attached to the bottom of the polyvinyl chloride (PVC) 
pipe and the top of PVC pipes were attached to bridge nodes L7 and L8 of north and south truss. 
The LVDTs were then wired to data acquisition system OMB-DAQ-3005(OMEGA 2014). 
 The displacement of bridge was noted for the nodes L7 and L8 of north and south truss 
when the train on track 3 was moving west towards NY City. The LVDT along with its data 
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Figure 6.5.longitudinal acceleration response for bridge under metro-north M8 for 
accelerometer at location P2 for field setup 5 
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Figure 6.4.vertical acceleration response for bridge under metro-north 
M8 for accelerometer at location P2 for field setup 5 
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acquisition system is shown in Fig.6.6.   Figure 6.7 shows the picture of field setup of LVDTs and 
Fig.6.8 shows schematic arrangement of LVDT setup. The sampling frequency of data acquisition 
system of LVDT was set to 200Hz.  
 
 
 
 
 
 
 
 
 
 
 
 
PVC Pipe to truss joint 
LVDT 
Adjustable wooden 
platform 
Cable to data logger  
Figure 6.8. Schematic diagram 
showing the set-up of LVDTs on 
field 
Figure 6.7.LVDT setup on field 
Figure 6.6 Trans-Tek LVDT and associated data 
acquisition system 
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 Field test data processing and calculation of dynamic response of bridge 
a) Processing of accelerometer data: 
Ambient testing of a bridge under moving vehicles helps to obtain the modal parameters of the 
bridge (Ren et al. 2004). In order to obtain the natural frequency and mode shapes of bridge 
vibration, the accelerometer data collected from all setups of field test conducted in Devon Bridge 
was processed in MATLAB (Math works 2014). The acceleration signal obtained from different 
field setups were separated as forced vibration (when the train is on the bridge) and free vibration 
of the bridge (as shown in Fig.6.9) and processed separately. 
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Power spectral density and singular value decomposition 
The theoretical background describing how PSD can be generated from signal in time domain  
is presented in Chapter 3 of this thesis .The raw acceleration data was first detrended to remove 
any trends and the power spectral density (PSD) values were obtained. Detrending of raw 
acceleration signal removes the mean value or linear trend from a signal and is often used in signal 
processing in frequency domain (Math works 2014). 
 The PSD values were further processed to obtain singular values (SV) through a process 
named as singular value decomposition (SVD). The MATLAB code used for the analysis is 
presented in the Appendix B section of this thesis. The description of theory behind the SVD and 
it applicability in extraction of natural frequency of a structure is presented in Chapter 3 of this 
thesis. The PSD and SV plots for some of the field setups are shown in Fig.6.10-6.17. In Fig 6.10-
6.17 the legend “Acc P2” refers to the PSD generated from acceleration signal of accelerometer at 
location P2 on the bridge and similar for other legends in the graphs. 
Processing of acceleration signal obtained from setup 3 of the field test 
Vertical acceleration data 
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Figure 6.10. PSD and SV for the free vibration response in vertical direction 
(setup 3)  
4.668 Hz 
4.668 Hz 
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Lateral acceleration data 
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Figure 6.12 PSD and SV for the free vibration response in lateral direction (setup 3 
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Figure 6.11. PSD and SV for the forced vibration response in vertical direction 
(setup3) 
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Figure 6.13 PSD and SV for the forced vibration response in lateral direction (setup 3) 
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Processing of acceleration signal obtained from setup 4 of the field test 
Vertical acceleration data 
 
 
 
 
 
 
 
 
 
Lateral acceleration data 
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Figure 6.14 PSD and SV for the free vibration response in vertical direction (setup 4) 
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Figure 6.16 PSD and SV for the free vibration response in lateral direction (setup 4) 
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Figure 6.15. PSD and SV for the forced vibration response in vertical direction (setup 4) 
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Natural frequency of bridge vibration 
The natural frequency of Devon bridge was identified from the most recurring peaks of 
singular value vs frequency curve for the free vibration response of the bridge. The recurring peaks 
are labelled in Figs.6.10, 6.12, 6.14 and 6.16. The first mode of bridge vibration was in lateral 
direction at frequency 1.758 Hz whereas the second mode of bridge vibration was also in lateral 
direction at frequency 3.34 Hz and the first vertical mode of bridge vibration was at frequency 
4.668 Hz. The identification of other higher modes and its natural frequencies was not possible 
(from ambient vibration of bridge at a particular speed of train) as the peaks of singular values vs 
frequency was inconsistent and had numerous peaks above 5 Hz.  
Forced frequency of the bridge vibration 
The PSD and SV curves obtained for the forced acceleration response of the bridge also 
contains the peaks corresponding to natural frequency of the bridge in addition to several peaks 
corresponding to various other frequencies. 
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Figure 6.17 PSD and SV for the forced vibration response in lateral direction (setup 4) 
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Mode shapes of bridge vibration 
The mode shapes of bridge vibration were also identified from the field data processing. 
The PSD values corresponding to natural frequency of vibration for a particular mode was obtained 
for each location of accelerometers on the bridge. The maximum PSD value was used to normalize 
other values and they were plotted against the location of the bridge to obtain the mode shapes. 
The mode shapes obtained by processing field test data is shown in Fig 6.18-6.20. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.18.First lateral mode shape 
Figure 6.19. Second lateral mode shape of bridge 
78 
 
 
 
 
 
 
 
Modal damping ratio 
The theory for obtaining the modal damping ratio from the PSD vs frequency plot using 
the half power band-width technique is presented in chapter 3 of this thesis. Table 6.2 presents the 
modal damping ratio corresponding to each mode of vibration identified from the field test. The 
half power band-width is a crude method of obtaining the modal damping ratio of a structure as it 
might give erroneous value if the peak value of PSD as well as the frequencies are not identified 
accurately. 
Table 6.2. Modal damping ratios 
Mode Damping ratio (%) 
First lateral mode 3.84 
Second lateral mode 1.78 
First vertical mode 2.17 
 
Figure 6.20.First vertical mode of bridge 
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b)  Processing field data obtained from linear variable differential transducers 
The voltage data collected from LVDT were converted to displacement response of the 
bridge using appropriate calibration equation relating the voltage with the displacement.  The 
vertical displacement of truss nodes L7 and L8 for various passenger trains in shown in Fig. 6.21. 
– 6.23. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.21. Vertical displacement of north truss nodes under 
Metro-North M8 cars moving at 64.37 km/h (40 mph) on track 3 
towards NY 
Figure 6.22 Vertical displacement of north truss nodes under 
Amtrak-Regional moving at 64.37 km/h. (40 mph) on track 3 
towards NY 
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 Summary and conclusion  
From the field test experiment on the Devon bridge when the train is on the bridge 
following summary and conclusion were deducted. 
a) The first global mode of vibration is in lateral direction which is similar to what was 
found for long span truss bridge by Harik et al. (1999). 
b) The modal damping ratios was not constant but changes from mode to mode .The 
high damping ratio was obtained for the first lateral mode of vibration. 
c) Even for the same speed of the train, the vertical displacement response obtained for 
node L7 of north truss under Amtrak- Acela train is higher than all other passenger 
trains on the bridge due to heavier axle loads.   
 
Figure 6.23. Vertical displacement of north truss nodes under 
Amtrak Acela cars moving at 64.37 km/h (40 mph) on track 3 to 
NY. 
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 Comparison of bridge response results obtained from finite element model 
and experimental field testing 
It is very essential to validate and hence refine the finite element model (FEM) of bridge 
by comparing the response obtained from finite element analysis and the experimental data 
obtained from experimental field testing.  However problem arises when there are large number 
of degrees of freedom in the FEM and limited number of sensors used to measure the response of 
the structure. Also the inaccuracies in the finite element modelling and omission of damping in the 
FEM will result in inconsistent result between the response obtained from the FEM and 
experimental field testing (Friswell and Mottershead 1995).  
The first section of this chapter describes the method used for comparing the mode shapes 
from the FEM and experimental field testing of structure. The second section presents the 
comparison of modal parameters of Devon bridge and the third section present the comparison of 
vertical displacement of truss nodes obtained from FEM and experimental field testing. The fourth 
section in this chapter is the summary and conclusion. 
 The Modal Assurance Criterion for comparison of mode shape vectors of Devon 
Bridge 
 
Modal assurance criterion (MAC) is a technique used to estimate the degree of correlation 
between mode shape vectors obtained from the field testing and analytical computation (Friswell 
and Mottershead 1995). The estimation of MAC doesn’t require the estimation of system matrices. 
The MAC between a measured mode Ømj and an analytical mode Øak  is given as: 
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𝑀𝐴𝐶𝑗𝑘 =
|Ømj
𝑇Øak|
2
(Øak
𝑇Ømj)(Ømj
𝑇Ømj)
  ……………………… (7.1) 
The value of MAC ranges between 0 and 1. MAC value close to 1 shows the strong co-relation of 
the two mode shape vectors. 
 Table 7.1 below presents the mode shape vectors obtained from FEM and experimental 
field test for first lateral mode and first vertical mode of vibration and calculated MAC values for 
both modes. 
Table 7.1. MAC values for mode shapes obtained from FEM and experimental field test 
Location on 
bridge (m) 
First lateral mode First vertical mode 
FEM Field Exp. MAC FEM Field Exp. MAC 
0 0 0 
0.9943 
0 0.00 
0.99 
9.48 0.136 0.18 0.07 0.08 
18.96 0.574 0.58 0.480 0.41 
23.70 0.877 0.85 0.91 1.00 
28.44 0.944 1.00 0.98 0.93 
37.80 0.975 0.997 1.00 0.92 
42.53 0.809 0.836 0.859 0.99 
47.26 0.438 0.582 0.38 0.42 
56.71 0.204 0.172 0.06 0.08 
66.16 0 0 0 0 
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The MAC values for both the modes is close to 1 which shows a strong co-relation between the 
mode shape vectors obtained from FEM and experimental field test of Devon bridge. 
The comparison of mode shapes obtained from the FEM and the field experiment for the 
first lateral and first vertical mode of vibration is presented in Fig.7.1 and Fig.7.2 respectively. The 
mode shapes for each mode of vibration for field experiment data has been obtained from PSD 
curves of accelerometer response of the bridge excited by the train. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.1. Comparison of first lateral mode shapes obtained from FEM and field 
experiment 
MAC =0.99 
Figure 7.2. Comparison of first vertical mode shape obtained from FEM and 
field experiment 
MAC =0.99 
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 Comparison of natural frequencies of Devon bridge obtained from FEM and 
field test 
The comparison of first three natural frequencies of bridge vibration obtained from field 
test and FEM is shown in Table 7.2. From the comparison, that it was found that except for the 
first mode of vibration the natural frequency of bridge vibration obtained from the FE analysis is 
close to that obtained from the field experiment. 
 
 
 
 
 
 
 Comparison of vertical displacement of Devon bridge obtained from FEM and 
field test 
The comparison of vertical displacements of node L7 of north and south truss obtained 
from the FE analysis and the field experiment for Amtrak Acela train is shown in Fig.7.3 and 
Fig.7.4 respectively. For both the comparison curves, Amtrak Acela train was moving at 64.4 km/ 
h (40 mph) on track 3 of bridge towards NY. Although there is some discrepancy in magnitude of 
displacement response of bridge nodes obtained from the FE analysis and field experiment, but 
the nature of the response curve is similar. 
Modes
FEM 
(Hz)
Field 
Exp (Hz)
% Difference 
w.r.t field value
Modal 
damping 
ratio(%)
First 
Lateral 1.256 1.758 28.5 3.84
Second 
Lateral 3.635 3.34 8.83 1.78
First 
vertical 4.854 4.6 5.52 2.17
Table 7.2 Comparison of first three natural frequency obtained from the field 
experiment and the FEM 
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Figure 7.3.Comparison of time history vertical displacement of node L7 of north 
truss obtained from FEM and field experiment under 64.4 km/h (40 mph) Amtrak 
Acela on track 3 moving towards NY 
Figure 7.4.Comparison of time history of vertical displacement of node L7 of south 
truss obtained from FEM and field experiment under 64.4 km/h. (40 mph) Amtrak 
Acela on track 3 travelling towards NY 
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 Summary and conclusion: 
a) The MAC values obtained for the mode shape vectors obtained from the experimental 
field test and FEM of Devon bridge shows strong co-relation. 
b) The natural frequencies of vibration obtained from the experimental field test and the 
FEM of Devon bridge shows good correlation except for the first mode of vibration 
where the difference between two in as high as 28%. The natural frequencies obtained 
from both the methods can be made equivalent by changing some parameters in the FEM 
and also careful processing of the acceleration signal obtained from the field test on 
Devon bridge 
c) The displacement response obtained from the time history analysis of the FEM using the 
moving load model are equivalent.  
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 Analysis of resonance phenomenon of Devon truss bridge under various 
passenger trains. 
Railway bridges are subjected to a resonance phenomenon, a condition when the loading 
frequency matches with one of the natural frequency of the bridge. When there is no damping or 
very less damping in structure, the response of the bridge increases gradually with each additional 
train axle passing over the bridge. The resonance condition in lateral and vertical direction has 
been computed using the theory by Xia et al. (2006).  Xia et al. (2006) verified their condition of 
resonance by evaluating the dynamic response of truss under various train speed (7-700 km/h). 
Using FEM of Devon bridge, displacement response of truss nodes have been plotted under various 
trains moving at various speeds (2-160 km/h) and peaks displacements were obtained at resonant 
velocities given by Xia. et al. (2006). 
Resonant speed in various directions (lateral and vertical) 
 
i) Resonant speed in lateral direction  
 
From the FEM, the first natural frequency of bridge vibration in lateral direction 
was obtained as 1.256 Hz .The axle spacing and loading of each type of passenger train 
is shown in Fig. 4.17.  The speed for each train, causing resonance of bridge in lateral 
direction, was calculated from Eqn. 3.32 presented in chapter 3 of this thesis.  
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a.) Amtrak Acela    b.) Amtrak Regional 
 
c.) Metro-North M8 train 
 
 
 
 
 
 
 
 
 
  
 
ii) Resonant speed in vertical direction  
 
From the FEM, the first natural frequency of bridge vibration in vertical direction 
was obtained as 4.853 Hz .The axle spacing and loading of each type of passenger train 
is shown in Fig. 4.17.  The speed for each train, causing resonance of bridge in vertical 
direction, was calculated from Eqn. 3.32 presented in chapter 3 of this thesis.  
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a) Amtrak Acela     b)   Amtrak Regional 
 
    
c)Metro-North M8 train 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The resonant speeds of Amtrak Acela train, obtained for the first lateral and second lateral 
mode and first vertical mode of vibration of Devon bridge is shown in Fig 8.1. The major 
contribution of vertical displacement is the vertical modes (same for lateral displacement), and the 
primary modes are more important in determining the response as they have very high mass 
participation factor. Hence the resonant speed calculated using the natural frequency of primary 
modes should be still valid. Also, corresponding to each ‘i’ numerous resonant speeds were could 
be obtained. The resonant speed corresponding to i=1 in Eqn.3.30 and Eqn. 3.32 is the primary 
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resonant speed and for other values of ‘i’, the resonant speed are secondary resonant speeds (Yang 
et al. 2004). The effect of primary resonant speeds is important and the effect of secondary resonant 
speeds are small and could be neglected (Yang et al. 2004).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Vertical displacement of a truss node from FEM for various train moving at 
various speeds. 
The vertical displacement of truss node, L7 of North Truss, under Amtrak Acela and 
Regional and Metro-North M8 train for various speed is shown in Fig.8.2, Fig 8.3 and Fig 8.4 
respectively. The speed corresponding to peaks in the displacement vs speed curve corresponds to 
resonant speeds analytically using equation given by Xia et al. (2006). 
 
Figure 8.1 Various resonant speeds of Amtrak Acela for Devon bridge. 
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Figure 8.2.Vertical displacement of node L7 of north truss of 
Devon Bridge under various speed of Amtrak Acela train 
Figure 8.3.Vertical displacement of node L7 of north truss of Devon Bridge under 
various speed of Amtrak Regional train 
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 Lateral displacement of a truss node from FEM for various train moving at 
various speeds. 
The lateral displacement of truss node, U2 of North Truss, under Amtrak Acela and 
Regional and Metro-North M8 train for various speed is shown in Fig.8.5. , Fig 8.6 and Fig 8.7 
respectively. The peaks in the displacement vs speed curve corresponds to the value corresponding 
to resonant speeds which matches with what was computed analytically using equation given by 
Xia et al. (2006).  
 
 
 
 
 
Figure 8.4.Vertical displacement of node L7 of north truss of Devon 
Bridge under various speed of Metro-North M8 train 
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Figure 8.5.Lateral displacement of node U2 of north truss Devon Bridge under 
various speed of Amtrak Acela 
Figure 8.6.Lateral displacement of node U2 of north truss of Devon Bridge 
under various speed of Amtrak Regional train 
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 Comparison of time history of displacement obtained from FEM for some 
locations of the bridge at resonant and cancellation (non- resonant) speed. 
The comparison of time history (for 5 sec) of vertical displacement of node L7 of north 
truss under Amtrak Acela at one of the resonant speed 151.5 km/h. and non-resonant speed 64.37 
km/h. is shown in Fig.8.8. 
The comparison of time history (for 14 sec ) of lateral displacement for node L7 of north 
truss under Amtrak Acela at one of the resonant speed 50.9 km/h. and non-resonant speed 64.4 
km/h. is shown in Fig.8.9. 
The time history of displacement curves shown in Fig.8.8 and Fig.8.9 shows for resonant 
speed of the train , the response of the bridge increases steadily as more train axles are passing the 
Figure 8.7.Lateral displacement of node U2 of north truss of Devon Bridge 
under various speed of Metro-North M8 train 
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bridge. But the response of the bridge at the non-resonant speed of the train is periodic without 
any amplification. 
 
 
 
. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8.8.Comparison of vertical displacement of node L7 of north truss of 
Devon Bridge under Metro-North M8 train 
Figure 8.9.Comparison of lateral displacement of node U2 of north truss of 
Devon Bridge under Metro-North M8 train 
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 Summary and conclusion, and recommendations for future research 
 
In this chapter the summary and conclusion from this thesis research along with the 
recommendations for future research work is presented. 
 Summary and conclusion 
The response of Devon Railroad bridge over the Housatonic River in Milford, CT has been 
studied using the finite element model (FEM) and the field test data under the moving trains. For 
this research span 7, the eastern most span of the bridge close to abutment, of the bridge has been 
considered. The FEM of the bridge has been obtained using the section properties and boundary 
conditions close to the actual bridge. The FEM of the bridge was used to perform static, modal and 
time history analyses and the response of the bridge under for each analyses were obtained. The 
field test bridge response data obtained under the moving trains (Amtrak Acela, Amtrak Regional 
and Metro-North M8) was processed to obtain the bridge response under the actual field 
conditions. The frequencies, damping ratios and mode shapes for first three global mode of bridge 
vibration were identified from the field test.  
From this thesis research following conclusions could be deduced: 
a) From the analytical study of displacements of a simple beam under 3 vehicle load 
models (moving constant load, moving mass, and moving sprung-mass, with different 
vehicle to beam mass ratios for each), it was found that all three models of the vehicles 
yielded similar response for the ratio of vehicle to bridge mass up to 0.3, for a speed 
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range 0-160 km/h (100 mph). This speed range was similar to the speed range 
considered here for the research, 
b) The dynamic nodal displacement of bridge obtained using LVDT during field test and 
that obtained from the FE model showed good agreement for maximum allowable 
speed 64.37 km/h (40 mph). This proves the applicability of moving load model to 
represent the train axles to obtain the response of railway bridges for small vehicle mass 
to bridge mass ratio (which is 0.3 for heavy axle Amtrak Acela train).   
c) The time history of the vertical displacement response obtained at the bottom of the 
hanger joint and that at the bottom of vertical post joint were observed to be similar in 
qualitatively, with but higher magnitude of response for the hanger nodes. 
d) The dynamic displacements of the bridge in vertical and lateral directions were 
obtained under Amtrak Acela, Amtrak Regional, and Metro-North M8 trains traveling 
over the bridge at various speeds ranging 2 km/h (1.2 mph) - 160 km/h (100 mph) using 
the finite element analysis. Although, the displacement response of the bridge is larger 
under Amtrak Acela train than that from the other passenger trains (Amtrak Regional 
and Metro-North M8) due to the Amtrak Acela train having heavier engines at the front 
and the back, the variation of the displacement with time are similar in nature and 
mimics the arrangement and number of engines and cars in the train.   
e) The resonant speeds in vertical and lateral direction for Amtrak Acela, Amtrak 
Regional and Metro-North M8 trains on Devon Bridge were determined and identified 
using the finite element and analytical relations. It was found that within the speed 
range considered for the analysis 2 km/h (1.2 mph) - 160 km/h (100 mph), first primary 
resonant condition (which gives highest response) could be excited, but the first 
98 
primary resonant speed in vertical displacement couldn’t be excited because it was 
beyond the range of speeds considered. 
 Recommendations for future research 
 The following items have been recommended for the future research directly related to the 
topic considered in this thesis: 
(a) The research study performed for this thesis was concentrated on only one span, out of 7 
spans, of the Devon bridge. The field test data included the response of the bridge when 
the train was in multiple spans, but the finite element analysis included the response of 
the bridge when the train is on the span studied. Hence, it is recommended for future study 
to consider multiple spans in the finite element model and perform analysis. 
(b) The finite element analysis of the bridge was limited to train speed (maximum of 160 
km/h or 100 mph) due to the limitation imposed by computational tool. Hence, for future 
study it is also recommended to consider higher speeds and study the response of the 
bridge under the primary resonant speed given by first vertical mode of vibration. 
 (c) Finally, for future study it is recommended to consider the vehicle bridge interaction effect 
to determine bridge response by modelling all axles of trains as a sprung-damper- mass 
model and obtain the response of the bridge under trains travelling at resonant and other 
speeds. 
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Appendix-A 
 
 
Matlab code to solve the differential Eqn.3.15 
 
Main program 
 
clc 
clear all  
close all 
range=26/30; 
 options = odeset ('RelTol',1e-8,'AbsTol',[1e-8 1e-8]); 
[t,Y] = ode45 (@rigid2, 0:0.01: range, [0 0], options); 
plot (t,-Y(:,1)) 
d = -Y (:,1); 
xlabel ('time in s'); 
 
Function rigid2 
 
function dy = rigid2 (t, y) 
dy = zeros(2,1);  
T=t; 
w1=3.14.*30./25  
dy (1) =y(2);  
dy (2) = (11500.*10.*sin(w1.*T)-28787.5.*(30.02^2).*y(1))./ (28787.5 + 11500.* 
(sin(w1.*T)).^2); 
end 
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Appendix- B 
 
Matlab code to solve the  coupled differential Eqn.3.18 and 3.19 
 
Main program 
 
clc 
clear all 
range=26/40; 
options = odeset('RelTol',1e-8,'AbsTol',[1e-5 1e-6 1e-5 1e-6 ]); 
[t,Y] = ode45(@movingspring_biggs_damping,0:0.01:range,[0 0 0 0 ],options); 
plot(t,-Y(:,1),t,-Y(:,3)); 
d = -Y(:,1); 
v = Y(:,2); 
a= diff (v); 
 
Function movingspring_biggs_damping 
 
function dy = movingspring_biggs_damping(t,y) 
dy = zeros(4,1);  
T=t; 
dy(1)=y(2);  
w1=40.*3.14./25; 
dy(2)=  (sin(w1*t).*( 172500+ 12760.*1000.* ( y(3)- y(1).* sin(w1.*t))) - ... 
    25943306.52.* y(1)-0.025*dy(1))./(28787.5 + 17250.*((sin(w1.*t)).^2)); 
dy(3)= y(4); 
dy(4)= (y(1).*sin(w1.*t)-y(3)).*(12760*1000./17250)-((0.3)./17250)*(dy(3)-
dy(1).*sin(w1.*t)); 
end 
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Appendix -C 
MATLAB code to remove noise from displacement signal obtained from LVDT  
 
 
clc 
clear all 
close all 
  
%loading and plotting of displacement data 
d1=load('L7_south.txt'); 
t=d1(1:8270,1); 
di=d1(1:8270,2); 
plot(t,di); 
xlabel('time s'); 
ylabel('Displacement  mm'); 
title('unfiltered displacement'); 
  
%plot magnitude spectrum 
figure 
d_mag=abs(fft(di)); 
plot(d_mag); 
  
  
%plot of first half of DFT(normalized frequency) 
num_bins= length(d_mag); 
plot([0:1/(num_bins/2-1):1],(d_mag(1:num_bins/2))/(max(d_mag))); 
[b a] =butter( 8, 0.05,'low');  
H=freqz(b,a,floor(num_bins/2)); 
hold on 
plot([0:1/(num_bins/2-1):1],abs(H),'r'); 
  
figure 
set(gca,'FontSize',14) 
  
%now the filtered signal 
d_filtered= filter(b,a,di); 
figure () 
plot(t,d_filtered,'r',t,di,'k'); 
xlabel('time s','FontSize',14); 
ylabel('acc g','FontSize',14); 
legend('Filtered response ','Raw response'); 
title('filtered acceleration'); 
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 Appendix-D 
Midpoint response of the beam (with parameters shown in Table 5.1) under Vehicle I for 
different load models moving at various speeds is shown in Figs D.1-D.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure D. 1. Displacement under 
Vehicle I moving at speed 5m/s 
(18km/h) 
Figure D. 2.Displacement under 
Vehicle I at speed 10m/s (36km/h) 
Figure D. 3.Displacement under 
Vehicle speed 20m/s (72km/h) 
Figure D. 4Displacement under 
Vehicle speed 30m/s (108km/h) 
Figure D. 5.Displacement under 
Vehicle speed 40m/s (144km/h) 
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Midpoint response of the beam under Vehicle II for different load models moving at various 
speeds is shown in Figs D.6-D.10.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure D. 6.Displacement under 
Vehicle II at speed 5m/s (18km/h) 
Figure D. 7.Displacement under Vehicle 
II at speed 10m/s (36km/h) 
Figure D. 8. Displacement under 
Vehicle II at speed 20m/s (72km/h) 
Figure D. 9.Displacement under Vehicle 
II at speed 30m/s (108km/h) 
Figure D. 10.Displacement under Vehicle 
II at 40m/s (144km/h) 
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Midpoint response of the beam under Vehicle III for different load models moving at 
various speeds is shown in Figs D.11-D.15.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure D. 11.Displacement under Vehicle 
III at speed 5m/s (18km/h) 
Figure D. 12.Displacement under Vehicle 
III at speed 10m/s (36km/h) 
Figure D. 13.Displacement under Vehicle 
III at speed 20m/s (72km/h) 
Figure D. 14.Displacement under 
Vehicle III at speed 30m/s (108km/h) 
Figure D. 15.Displacement under Vehicle III 
at speed 40m/s (144km/h) 
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Appendix-E 
 
MATLAB code for processing accelerometer signals obtained from field testing. 
clear all; 
close all; 
clc 
%%load data from the accelerometer  
a1= load('Acc12-Aug-2014SKG1024_P1.mat'); 
a2= load('Acc12-Aug-2014SKG1024_P2.mat'); 
a3= load('Acc12-Aug-2014SKG1024_P3.mat'); 
a4= load('Acc12-Aug-2014SKG1024_P4.mat'); 
a5= load('Acc12-Aug-2014SKG1024_P5.mat'); 
%extraction of the only the acceleration component in all direction from the structured 
matrix 
t1= (a1.Acc_P1); 
t2= (a2.Acc_P2); 
t3= (a3.Acc_P3); 
t4= (a4.Acc_P4); 
t5= (a5.Acc_P5); 
  
%% separation of the acceleration data for the different field setups 
%first setup 
t11= t1(1:2460000,:); 
t22= t2(1:2460000,:); 
t33= t3(1:2460000,:); 
t44= t4(1:2460000,:); 
t55= t5(1:2460000,:); 
  
%second setup 
t111= t1(2460000:2760000,:); 
t222= t2(2460000:2760000,:); 
t333= t3(2460000:2760000,:); 
t444= t4(2460000:2760000,:); 
t555= t5(2460000:2760000,:); 
%third setup 
t1111= t1(2760001:3060000,:); 
t2222= t2(2760001:3060000,:); 
t3333= t3(2760001:3060000,:); 
t4444= t4(2760001:3060000,:); 
t5555= t5(2760001:3060000,:); 
%fourth setup 
t11111= t1(3060001:3372000,:); 
t22222= t2(3060001:3372000,:); 
t33333= t3(3060001:3372000,:); 
106 
t44444= t4(3060001:3372000,:); 
t55555= t5(3060001:3372000,:); 
%fifth setup 
t111111= t1(3372001:end,:); 
t222222= t2(3372001:end,:); 
t333333= t3(3372001:end,:); 
t444444= t4(3372001:end,:); 
t555555= t5(3372001:end,:); 
 
%% Calculation of  PSD 
         
        acc(:,1)=t22222(:,3); 
        acc(:,2)=t33333(:,3); 
        acc(:,3)=t55555(:,3);         
X_acc1 = [detrend(acc(:,1)) detrend(acc(:,2)) detrend(acc(:,3))  ]; 
  
[R,C] = size(X_acc1); 
  
NFFT = 4096;        
Fs = 200;  % dasample 
T_WINDOW = 200*5;  
NOVERLAP = T_WINDOW/2; 
 
 for i = 1:3 
    
    [G_1(i,:),F] = pwelch(X_acc1(:,i),hanning(T_WINDOW),NOVERLAP,NFFT,Fs);   
    [G_1(i,:),F] = pwelch(X_acc1(:,i),hanning(T_WINDOW),NOVERLAP,NFFT,Fs); 
    [G_1(i,:),F] = pwelch(X_acc1(:,i),hanning(T_WINDOW),NOVERLAP,NFFT,Fs); 
  
end 
  
for  i = 1:3 
   S_1(i,:) = G_1(i,:); 
   S_1(i,1:10) = 0; 
end 
%Display PSD values 
 figure 
set(gca,'FontSize',14) 
graph= plot(F,S_1(1,:),'k',F,S_1(2,:),'k-.',F,S_1(3,:),'k--') 
set(graph(1),'linewidth',1); 
set(graph(2),'linewidth',0.25); 
set(graph(3),'linewidth',1); 
xlabel('Frequency (Hz)','FontSize',14) 
ylabel('PSD (g^2/ H z )','FontSize',14) 
legend(' Acc P2 ',' Acc P3 ',' Acc P5 ','FontSize',10) 
xlim([1 10]) 
107 
  
% Obtaining SVD  
for i = 1:length(S_1) 
    [U_1,SS_1,V_1] = svd(S_1(:,i)); 
    Sv_1(i) = SS_1(1,1); 
end     
% Display SVD values 
figure  
set(gca,'FontSize',14) 
plot(F,Sv_1,'k');xlabel('Frequency (Hz)','FontSize',14); 
xlim([1 10]); 
ylabel('Singular Value','FontSize',14) 
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